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1 Korteweg-de Vries review
$\mathrm{K}\mathrm{d}\mathrm{V}$ $u=u(X, t)$ :
$u_{t}= \frac{3}{2}uu_{x}+\frac{1}{4}u_{xxx}$ . (1)
, $u_{xxx}= \frac{\partial^{3}u}{\partial x^{3}}$ .
$p,$





1 2000 8 :
2 , .
3 , Calogero [5] .
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$D$ $f,$ $g$ :
$D_{x}^{m}D_{t}^{n}f \cdot g:=(\frac{\partial^{m}}{\partial a^{m}}\frac{\partial^{n}}{\partial b^{n}}f(x+a, t+b)g(x-a, t-b)\mathrm{I}|_{a=b=}0^{\cdot}$ (4)
,
$\frac{D_{x^{\mathcal{T}}}^{4}\cdot \mathcal{T}}{\tau^{2}}=u_{xx}+3u^{2}$ , $\frac{D_{x}D_{t^{\mathcal{T}}}\cdot \mathcal{T}}{\tau^{2}}=2(\log\tau)_{xt}$ (5)
(3) , $x$ – (1) .




$X(p):=e^{2\Sigma_{j}x}jp;e-2\Sigma j\overline{\partial}xj.p-j$ . (6)
, $j$ $j=1,3,5,$ $\ldots$ , $\overline{\partial}_{x_{j}}=\frac{1}{j}\frac{\partial}{\partial x_{j}}$
. $\mathbb{C}[x]:=\mathbb{C}[x_{1,3}- x, X_{5}, \ldots]$ . , $P$
$\mathbb{C}[x]$ .
Lax $P$ – .
$X(p)$ $x=x_{1)}t=x_{3}$ – , $x_{5},$ $x_{7},$ $\ldots$
, 1 (2) $\tau$ , $a$
$\tau=e^{ax}(p).1=1.+e2px+2p^{3}t+2\delta$ (7)
. $a$ $x_{5},$ $x_{7},$ $\ldots$ $x,$ $t$





$\mathfrak{s}\mathrm{t}_{2}=\mathrm{B}\iota\wedge 2\otimes \mathbb{C}[s^{\pm 1}]\oplus \mathbb{C}K$ , Lie $\mathrm{B}$ :
$H_{2n+1}$$:=$ , $n\in \mathbb{Z}$ . (9)
Heisenberg
$[H_{j}, H_{k}]=j\delta_{j+k,0}K$ $(j, k\in 2\mathbb{Z}+1)$ (10)
. $\mathbb{C}[x]$ $\epsilon$ , $j>0$ $\ovalbox{\tt\small REJECT}$
, $H_{-j}$ $jx_{j}$ , $K$ id , $\mathfrak{s}$
$4N$ $\tau$ $\mathbb{C}[x]$ , (3)
. , $\tau_{N}$ $p_{j}(j=1, \ldots, N)$ ,
, .
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$\sum_{m=0}^{\infty}pm(t)\lambda^{m}=e=\Sigma_{\mathcal{R}}\infty tn\lambda n1$ (11)
$p_{m}(t)$ . $a=(a_{1}, \mathrm{o}, a_{3},0, a5,0, \ldots)$ ,
$\langle a, D_{x}\rangle=\sum^{\infty}n=0a2n+1Dx_{2n+}\text{ }’\overline{D}_{\dot{x}}=(D\mathrm{o}x_{\text{ }}"\frac{1}{3}Dx3’ 0, \frac{1}{5}D0x5"\ldots)$ ,
:
$\sum_{m=0}^{\infty}pm(2a)p_{m}+1(-\overline{D}_{x})e^{\langle}a,Dx\rangle \mathcal{T}(_{X})\cdot \mathcal{T}(x)=0$. (12)
$a$ $0$ .
$a_{3}$ (3) . (12) $\tau\in \mathbb{C}[x]\backslash \{0\}$ $1\in \mathbb{C}[x]$
$G.1$ 5. $G$
. , Lie $\mathrm{g}$ $V$ $X\in \mathfrak{g}$
, $v\in V$ $X^{N}v=0(N\gg \mathrm{O})$
. $V$ $X\in \mathrm{g}$ $\sum_{n=0}^{\infty}\frac{1}{n!}xn$ ,
, $\mathrm{G}\mathrm{L}(V)$ . , $\epsilon 1_{2}\wedge$
C ,
(“integrable” ) , GL(C )
$G$ 6 .
2 Lax
$P=\partial_{x}^{2}+u$ , $B= \partial_{x}^{3}+\frac{3}{2}u\partial_{x}+\frac{3}{4}u_{x}$ (13)
, $\mathrm{K}\mathrm{d}\mathrm{V}$
$\frac{\partial P}{\partial t}=[B, P]$ (14)
.
5 ( ) [3] [9] . ,
KP [4] . $\mathrm{K}\mathrm{d}\mathrm{V}$
KP “2-reduction”( ) , $\mathrm{K}\mathrm{P}$
$\mathrm{K}\mathrm{d}\mathrm{V}$ ( ). [9] [10]
. $\mathrm{K}\mathrm{P}$ .
6 )$\dagger$ ( : 2 $\mathrm{S}\mathrm{L}_{\ell}^{\mathrm{t}_{0}\mathrm{r}}$ ) .
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$P\Psi=\lambda^{2}\Psi$ , $\frac{\partial}{\cap}$ .$\overline{\partial^{-}t}\Psi=B\Psi$ (15)
. 1 $u$ Schr\"odinger $P$ Strum-
Liouville , 2 $\Psi$
. , Lax (14) , $\lambda^{2}$ $t$
.
$x_{5},$ $x_{7},$ $\ldots$ . Wilson
$W=1+w_{1}\partial-1+wx2\partial_{x}^{-2}+\cdots$ (16)
. $\mathrm{K}\mathrm{d}\mathrm{V}$ , $W$ (“$2-$
reduction”) :
$(W\partial_{x}2W-1)_{\leq}-1=0$ . (17)
, $A= \sum_{n<N}a_{nx}\partial^{n}$ $(A)_{\leq-1}= \sum_{n\leq-}1a_{n}\partial_{x}^{n}$ $(A)_{\geq 0}=$
$\sum_{\mathrm{o}n\underline{<}N}\leq an\partial_{x}^{n}$ .
$W\partial_{x}^{2}W^{-}1--(W\partial_{x}2W^{-1})_{\geq x}0=\partial^{2}-2(w_{1})_{x}$ (18)
, $u=-2(w_{1})_{x}$ – $P=W\partial_{x}^{2}W-1$ , $B=(W\partial_{x}^{3}W^{-1})_{\geq 0}$
.
$\frac{\partial W}{\partial t}=BW-W\partial_{x}^{3}$ (19)
Lax (14) , –
$\frac{\partial W}{\partial x_{2n+}1}=B_{2n+1}W-W\partial x2n+1$ (20)
. , $B_{2n+1}$ . $W^{-1}$
$B_{2n+1}=(W\partial_{x}^{2}n+1W-1)_{\geq 0}$ .
Lax
$\frac{\partial P}{\partial x_{2n+}1}=[B_{2n+}1, P]$ (21)
.
3
$x_{2n+1}(n=0,1,2, \ldots)$ $y_{2n}(n=0,1,2, \ldots)$
. $x_{1}=x$ – $y_{0}=y$ .
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, :
$W\partial_{x^{n}y}^{2-1}\partial W=-W-1\partial_{x}^{2n_{W\frac{\partial W}{\partial y}W}}-1-1+W\partial_{x}^{2n}W^{-1}\partial_{y}$ . (22)
, (17) 2 Pn . , $\frac{\partial W}{\partial y}W^{-1}$ $Q$
, 1 $-P^{n}Q$ . ,
$C_{2n}:=-(P^{n}Q)_{\geq 0}$ , $D_{2n}:=C_{2n}+P^{n}\partial_{y}$ (23)
. Lax
$\frac{\partial P}{\partial y_{2n}}=[D_{2n},P]-$ (24)
$\frac{\partial W}{\partial y_{2n}}=D_{2n}W-W\partial_{x}^{2}n_{\partial_{y}}$ $n=1,2,$ $\ldots$ , (25)
.
: $C_{2}=w_{1}(W_{1})_{y}-(w_{2})_{y}-2(w_{1})xy$ . (17)
$(w_{1})_{xx}+2(w_{2})_{x1}-2w(w_{1})x=0$
$u_{y_{2}}= \frac{1}{4}u_{xxy}+\frac{1}{2}(\partial_{x}^{-1}u)u_{x}+uu_{y}$ (26)
. lu $=-2w_{1}$ . Calogero 1975
[5], 1990 Bogoyavlensky [11] Lax , –
. , Schiff [12] 1992 Self-dual Yang-Mills
, .
2 (20), (25) $W$ Bo-
goyavlensky (hierarchy) . $p$ 2 , (17)
$(W\partial_{x}^{l}W^{-1})_{\leq-}1=0$ (27)
, . ,
$x_{n}(n\geq 1, n\not\equiv\ell)$ $y_{nl}(n\geq 1)$ . (hierarchy)
$\ell$-Bogoyavlensky .
4
. $A$ $\mathbb{C}$ , $\mathfrak{g}$
Lie . $\Omega_{A/\mathbb{C}}$ K\"ahler , $d:Aarrow\Omega_{A/\mathbb{C}}$ canonical
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. $\mathcal{K}^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\Omega_{A/}\mathbb{C}/dA$ , $\mathrm{g}\otimes_{\mathbb{C}}A\oplus \mathcal{K}$ $\mathbb{C}$ Lie
:
$[X\otimes f, \mathrm{Y}\otimes g]=[X, Y]\otimes fg+(X|Y)\overline{g(df)}$ , $\mathcal{K}\in$ center (X, $Y\in \mathfrak{g},$ $f,$ $g\in A$ ). (28)
, $(\cdot|\cdot)$ $\mathfrak{g}$ Killing form , $\overline{g(df)}$ I $g(df)\in\Omega_{A/\mathbb{C}}$ $dA$
. Lie $\emptyset A$ ,
Lie algebra structure $\emptyset A$ $\mathcal{K}$ .
$A$ , $n$ $\mathbb{C}[t_{1}^{\pm 1}, \ldots, t_{n}^{\pm 1}]$ Lie $n$
Lie . Lie $[13],[14]$
. $n=1$ , 1 Lie $\mathcal{K}=\mathbb{C}d\log t_{1}$
, 1 . affine Lie . , $n=2$
$\mathrm{A}\mathrm{a},$ $A=\mathbb{C}[s^{\pm 1}, t^{\pm}1]$ . , 2 Lie $\mathrm{g}^{\mathrm{t}\mathrm{o}\mathrm{r}}$
2 $s,$ $t$ affine Lie $\wedge\wedge \mathfrak{g}_{S},\mathrm{g}\iota$ Lie .
, g=s 2 , $\mathrm{K}\mathrm{d}\mathrm{V}$ $\epsilon 1_{2}\wedge$ $\mathbb{C}[x]$
. $y=(y_{0}, y_{2}, y_{4}, \ldots)$ $F_{y}=\mathbb{C}[y_{2}, y4, \ldots]\otimes \mathbb{C}[e^{y_{0}-y_{0}}, e]$
. , $\mathbb{C}[x]\otimes F_{y}$ $\epsilon 1^{\mathrm{t}\mathrm{o}\mathrm{r}}$
. $s$ . )$|$ $\wedge \mathrm{g}_{S}$ $\mathbb{C}[x]$
. Lie $\mathrm{g}$ $\mathfrak{s}\iota_{\ell}^{\mathrm{t}\circ\Gamma}$
7. .
5
)$1$ $g\downarrow_{\ell}^{\mathrm{t}\mathrm{O}}\mathrm{r}$ $\ell$-Bogoyavlensky .
, $\ell$-reduced (27) ( $W$
) $x_{n\ell}(n\geq 1)$
8 .
$W$ $\ell$-Bogoyavlensky . $\lambda$ (
) . $W$
:
$\Psi(x,y, \lambda)=We\xi(x,\lambda)$ , $\Psi^{*}(x, y, \lambda)=W*-1e^{-}\xi(x,\lambda)$ (29)
, $\xi(x, \lambda)=\sum^{\infty}n=1X\lambda nn$ , $\partial_{x}^{n}e^{\pm}=\xi(x,\lambda)(\pm\lambda)ne^{\pm}(x,\lambda)(\xi n\in \mathbb{Z})$
. , $W^{*}$ $W$ formal adjoint . $y$ $y=y_{0}$
$\check{y}=(y\ell, y_{2}\ell, \ldots)$ , $\Psi=\Psi(x, y,\check{y})$ . ,
.
7 $\mathbb{C}[x]=\mathbb{C}[x_{n}|n\geq 1, n\not\equiv\ell],$ $\mathbb{C}[y]=\mathbb{C}[yf, y2f, y_{\mathrm{s}}l, \ldots]\otimes \mathbb{C}[e^{y_{0}-y_{0}}, e]$ .
8KP , $x_{nl}(n\geq 1)$ $y_{n}\ell(n\geq 1)$
. $x_{nf}(n\geq 1)$ $0$ . $\mathbb{C}[x]$ .
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1. $P$-Bogoyavlensky , $j$ :
$\oint_{\lambda=\infty}\lambda^{j\ell_{\Psi}}(X+a, y-\eta(b, \lambda),\check{y}+b, \lambda)\Psi^{*}(X-a, y+\eta(b, \lambda),\check{y}-b, \lambda)d\lambda=0$ , (30)
, $a,$ \sim , $\oint_{\lambda=\infty}$ $\lambda^{-1}$ .
, $\eta(b, \lambda)=\sum^{\infty}\mathrm{d}\mathrm{e}\mathrm{f}\ell n=1bn\ell\lambda^{n}$ .
$x$ $\ell$-reduced KP ,
$\lceil_{\mathcal{T}}$ . , $\Psi,$ $\Psi^{*}$ $\ell_{-}\mathrm{B}_{0}\mathrm{g}\mathrm{o}\mathrm{y}\mathrm{a}\mathrm{v}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{s}.\mathrm{k}\mathrm{y}$
, $\tau(x, y)$ :
$\Psi(x, y, \lambda)=\frac{\tau(x-\epsilon(\lambda),y)}{\tau(x,y)}e\xi(x,\lambda)$ , $\Psi^{*}(x,y, \lambda)=\frac{\tau(_{X+}\epsilon(\lambda),y)}{\tau(x,y)}e-\xi(x,\lambda)$, (31)
, $\epsilon(\lambda)\underline{\mathrm{d}\mathrm{e}}\mathrm{f}-$ ( $\frac{1}{2\lambda^{2}},$ $\ldots$ , $\frac{1}{n\lambda^{n}},$ $\ldots$ ) . $y$
. $\tau$ $y$ $g(y)$
( ). , $\langle b, D_{\overline{y}}\rangle=\sum_{n=1}^{\infty}$ Dn\ell
, $\ell$-Bogoyavlensky $\tau$ .
2. P-Bogoyavlensky $\tau$ $j$ :
$\sum_{m,k=0}^{\infty}p_{m}(2a)pm+(k+j)l+1(-\overline{Dx})pk(-Db)ye^{\langle\rangle+}a,D_{x}\langle\iota,D_{\overline{y}}.\cdot\rangle\tau(x, y)\cdot\tau(X,.y, )=0$ . (32)
, $\tau\in \mathbb{C}[x]\otimes F_{y}$ 1 $\mathrm{S}\mathrm{L}_{\ell}^{\mathrm{t}_{0}\mathrm{r}}$ , (32) .
, (32) $\tau$ , Wilson $W$ ,
(20), (25) . 2
. , Lax
– .
: ( $\mathrm{e}\mathrm{q}$:Hirota) $\ell=2$ $j=0$ $b_{2}$
$(D_{y_{\text{ }}}D_{x_{1}}^{3}+2D_{y\mathit{0}}D_{x_{3}}-6D_{x_{1}}D)y_{2}=\tau\cdot \mathcal{T}0$ . (33)
. $\rho^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\log\tau$ , $x1=x,$ $x3=t,$ $y_{0}=y$ ,






. , Calogero-Bogoyavlensky (26)
. (35) $x$
$2\rho_{xxy_{2}}$ $=$ $2( \rho xx\rho_{x}y)x+\frac{1}{3}\rho xxxxy+\frac{2}{3}\rho_{x}yt=$ (36)
$=$ $2 \rho_{xxx}\rho xy+2\rho\rho xxy+\frac{1}{3}\rho xxxxy+\frac{1}{3}xx(\frac{1}{2}\rho_{xxxx}+\mathit{3}\rho_{x}2)_{y}x$ (37)
$=$ $\frac{1}{2}\rho xxxxy\rho x+2xx\rho xy4+\rho xx\rho xxy$ (38)
. , 1 2 (3) 2 $= \frac{1}{2}\rho_{xxxx}+$
$3\rho_{xx}^{2}$ . $u=2\rho_{xx}$ ,
$u_{y_{2}}= \frac{1}{4}u_{xxy}+\frac{1}{2}(\partial_{x}^{-1}u_{y})ux+uu_{y}$ , (39)
. , $\partial_{x}^{-1}u_{y}$ $2\rho_{xy}$ .
, Wronskian
. , Bogoyavlensky breaking soliton solution
– .
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